We compute the elliptic genera and the low energy effective twisted superpotential of two-dimensional N = (2, 2) gauged linear sigma models with semichiral superfields.
Introduction
There has been a lot of work on two-dimensional N = (2, 2) supersymmetric theories. Ref. [1] provides a good review on this subject. Compared to the well-known twodimensional N = (2, 2) chiral and twisted chiral superfields, semichiral superfields are less well studied in the literature.
Semichiral superfields were first introduced in Ref. [2] . In Ref. [3] it is proved that to have a complete description of two-dimensional N = (2, 2) off-shell supersymmetry, one needs chiral, twisted chiral and semichiral superfields. However, except some works e.g. Ref. [4] , the majority of previous works on semichiral superfields focused on mathematical aspects of sigma models, while leaving many problems of quantum dynamics untouched. We shall fill this gap in a series of papers. As a first step, our goal in the present paper is not to study the most general two-dimensional N = (2, 2) supersymmetric theories with semichiral superfields. We will only consider a special type of models, namely the gauged linear sigma model (GLSM) [5] . More general cases will be discussed in subsequent papers [6] . We also limit ourselves to theories on a flat worldsheet. Theories on a sphere will be studied in a separate paper [7] .
The most elementary property of a supersymmetric model is its vacuum structure. To study this, the quantity that can be computed exactly is the Witten index [8] , which gives the number of bosonic vacuum states minus the number of fermionic vacuum states. It is important because if supersymmetry is spontaneously broken then there are no zero energy ground states and the Witten index vanishes. In this paper, since we have two-dimensional N = (2, 2) supersymmetry, we can compute the elliptic genus [9] , a more refined invariant which can give more information about the vacuum structure of the theory. From the purely mathematical point of view, the elliptic genus of a sigma model captures important topological information of the target space.
Next, we want to go beyond the vacuum states. We assume that the vector fields used to gauge the semichiral superfields are ordinary vector fields, which can be equivalently organized using twisted chiral superfields. 1 On the Coulomb branch, the gauge group G is broken down to its Cartan subgroup U(1) r . In addition, we can turn on generic twisted masses for all the matter fields so that the matter fields become massive. At energies lower than all the mass scales in the theory, we can integrate out both W-bosons and matter fields, and the low energy effective theory is described by a model with only twisted chiral superfields. It is still beyond our scope to compute exactly the full low energy effective action. However, thanks to the special properties of supersymmetry, we can compute the effective twisted superpotential W eff exactly. This quantity plays an essential role in the discussion of the sigma model/Landau-Ginzberg models correspondence [5] , and determines the (twisted) chiral ring structure of the theory.
Recently, W eff also appeared in the Bethe/Gauge correspondence [10, 11, 12] . In this remarkable correspondence, W eff computed from a two-dimensional N = (2, 2) supersymmetric gauge theory is conjectured to be identified with the Yang-Yang function Y of a quantum integrable system. In the previous discussions, the matter multiplets are always built using chiral superfields. It is natural to ask whether semichiral superfields can give new contributions.
The organization of this paper is as follows. In section 2 we review the two-dimensional N = (2, 2) supersymmetric GLSMs with semichiral superfields. In section 3 we compute the elliptic genus. After a general discussion, we work out two important examples, namely the elliptic genus of Eguchi-Hanson space and the Taub-NUT space. The sigma models built from semichiral superfields give exactly the same results as those without using the semichiral superfields. In section 4 we compute the low energy effective twisted superpotential. We find that the contribution from the semichiral superfield vanishes, even if we turn on generic twisted masses. Finally, in section 5 we give a conclusion and discuss some possible directions for future work. Since computations of semichiral superfields are usually unavoidably lengthy, we put some details in the appendices.
Two-dimensional N = (2, 2) supersymmetry
In this section, we review two-dimensional N = (2, 2) supersymmetric theories in order to be more self-contained. The natural language to describe the theories we will study in a compact form is the two-dimensional N = (2, 2) superspace (see Appendix A). Some detailed formulae written in components are collected in Appendix B.
Supersymmetric multiplets
Using the two-dimensional N = (2, 2) superspace, we can describe all possible choices of superfields which can appear in a general supersymmetric model. We will be brief in the discussion of better understood multiplets and focus on semichiral multiplets.
The basic matter multiplet is described by a chiral superfield Φ, which contains a scalar φ, a fermion ψ ±Φ and an auxiliary field F Φ . 2 It is defined by the condition
Similarly we can define its conjugate to be an anti-chiral superfield Φ. Indeed, chiral superfields can be obtained by dimensional reduction from N = 1 chiral superfields in four dimensions. The basic vector multiplet contains a real gauge field A µ , a complex scalar σ, two Weyl fermion λ ± and an auxiliary real scalar D. It can also be obtained via dimensional reduction from four-dimensional vector multiplet.
Although the N = (2, 2) supersymmetry algebra in two dimensions can be obtained by dimensional reduction from N = 1 supersymmetry algebra in four dimensions, not all superfields in two dimensions can be obtained simply via dimensional reduction from four dimensions. An important superfield which is unique in two dimensions is the twisted chiral superfield Σ, defined by the conditions
Similarly we can define a twisted anti-chiral superfield Σ. The components of a vector multiplet can be reorganized into a twisted chiral superfield Σ in the following way:
When we construct models with gauge fields, it is more convenient to use the covariant approach, in which the gauge connections are incorporated in the supercovariant derivatives. Accordingly, the anticommutation relations of the supercovariant derivatives are modified as follows
where D ± ≡ ∂ ± +A ± is the gauge covariant derivative, and Σ is the field strength superfield, which is twisted chiral.
However, this is not the end of the story. The final building block is semichiral superfields. The left-semichiral and the right-semichiral multiplets are define by 5) and similarly, we have for their conjugates
In order to have a better understanding of these semichiral superfields, we will expand the superfields and write down their components. It is convenient to treat the left-semichiral and the right-semichiral multiplets simultaneously by imposing a weaker constraint:
Then we define the components
and
We then impose the constraints for each multiplet, and some component fields should vanish,
Gauged linear sigma models
It was shown in Ref. [3] that the most general two-dimensional N = (2, 2) GLSM can be constructed using chiral, twisted chiral and semichiral superfields. The GLSM with chiral and twisted chiral superfields has been exploited at length in the literature. Hence, we will focus on the indispensable but poorly understood building block, the action with semichiral superfields. To obtain a gauged linear linear model with physical kinetic terms, one needs both left-semichiral and right-semichiral superfields simultaneously. Models with only left-semichiral or only right-semichiral superfields turn out to be topological.
In this paper, we gauge the semichiral superfields using the constrained semichiral vector multiplets [13] , which will be reviewed in the following. Let us first discuss using the semichiral vector multiplet to gauge the semichiral superfields. Here we only consider the abelian case, and the nonabelian case is discussed in Ref. [14] . An abelian semichiral vector multiplet can be described by three real vector superfields (V L , V R , V ′ ) [15] . If we define
the action for a pair of semichiral superfields is
where
with |α| > 1. This action is invariant under the gauge transformations:
14)
To review the constrained semichiral vector multiplet, we first see that one can define two independent gauge invariant field strengths for the semichiral vector multiplet
Here F is a chiral superfield, and F is a twisted chiral superfield. The constrained semichiral vector multiplet can be viewed as a semichiral vector multiplet [13] with an additional term:
where Φ is a chiral Lagrange multiplier, and it imposes the constraint
Since this additional term is a F-term, which is SUSY exact, it does not affect the result of localization, as long as it does not introduce some additional constraints for instance on the R-charges. Therefore, in many cases we can use the constrained semichiral vector multiplet to replace the vector multiplet without changing the result of localization. We can perform a partial gauge fixing V ′ = V L − V R = 0; this leaves just a chiral gauge invariance as a residual gauge invariance. The theory given in Eq. (2.13) then becomes
The vector superfield V can be viewed as a constrained semichiral vector multiplet after partially gauge fixing the full semichiral gauge freedom, and X L and X R have the same gauge charge. We can expand the action into component fields. The result is quite lengthy, and is written down in Appendix B for interested readers. Now we generalize the above discussion to a theory with gauge group U(1) N and N F flavors. One can turn on twisted mass deformations for the model with flavor symmetry. To add the most general twisted masses, one first gauges the flavor symmetry using the semichiral vector superfield and then sets the scalar component of the semichiral vector superfield to be a nonzero constant value, and finally requires the other components of the semichiral vector superfield vanish. Supersymmetry is not broken by twisted masses. If we write explicit color and flavor indices, we have
Elliptic genus
The elliptic genus can be computed both using the Hamiltonian formalism [16] and the path integral formalism [17, 18, 19] . In this section, we will compute the elliptic genus of the GLSM with semichiral superfields using both methods.
Hamiltonian formalism
The elliptic genus is defined in the Hamiltonian formalism as a refined Witten index,
where the trace is taken in the RR sector, in which fermions have periodic boundary conditions, and F is the fermion number. In Euclidean signature,
are the left-and the right-moving Hamiltonians. J and K a are the R-symmetry and the a-th flavor symmetry generators, respectively. It is standard to also define
If u a = z = 0 the elliptic genus reduces to the Witten index, and computes the Euler characteristic of the target space if there is a well-defined geometric description. The contributions from different multiplets can be computed independently, and we will only consider the unexplored contribution from the semichiral multiplet. As we have seen in Appendix B, the physical component fields of the semichiral superfield X are two complex scalars X L and X R , and spinors ψ ′ ± , χ L − and χ R + . All fields have the same flavor symmetry
. Let us consider the fermionic zero modes first. We denote the zero modes of ψ ′ + and ψ ′ + as ψ ′ +,0 and ψ ′ +,0 , respectively. They satisfy
which can be represented in the space spanned by | ↓ and | ↑ with
One of | ↓ and | ↑ can be chosen to be bosonic, while the other is fermionic. Under the U (1) R the zero modes transform as
while under U (1) f they transform as
These two states contribute a factor
to the elliptic genus. Similarly, the contributions of the other zero modes are
The contributions from the bosonic zero modes are relatively simple. They are
Bringing all the factors together, we obtain the zero mode part of the elliptic genus:
(1 − e iπRz e 2iπuQ )
We then consider the nonzero modes. The contribution from the fermionic sector 11) while the contribution from the bosonic sector (X L , X R ) is
Hence, the nonzero modes contribute to the elliptic genus a factor
Taking both the zero modes (3.10) and the nonzero modes (3.13) into account, we obtain
Using the formula
we can rewrite (3.14) as
(3.17)
Comparing to the contribution of a chiral superfield [17, 18] , we see that the 1-loop determinant of the elliptic genus for one pair of semichiral superfields is equal to the product of the 1-loop determinants for two chiral superfields with the opposite R-charge and the opposite flavor charge, which is consistent with the result of the semichiral gauged linear sigma model localized on the two-sphere [7] .
Path integral formalism
The elliptic genus can be equivalently described in the path integral formalism as a twisted partition function on the torus, we may apply the technique of localization to compute it.
Recall that the Witten index is expressed in the path integral formalism as the partition function of the theory on a torus, with periodic boundary conditions for both bosons and fermions. To deform the Witten index into the elliptic genus, we should specify twisted boundary conditions for all fields. Equivalently, we can keep the periodic boundary conditions and introduce background gauge fields A R and A f,a for the R-symmetry and the a-th flavor-symmetry, respectively. They are related to the parameters in the definition of elliptic genus via
Following the general principle of localization, if we regard the background gauge fields as parameters in the theory, we only need the free part of the Lagrangian in order to compute the elliptic genus. The free part of the Lagrangian in the Euclidean signature is 19) where the covariant derivative is defined as 20) and the operators Q and R acting on different fields give their corresponding U (1) f and U (1) R charges as follows:
The BPS equations are obtained by setting the SUSY transformations of fermions to zero. The solutions to the BPS equtions provide the background that can perserve certain amount of supersymmetry. In this case, the BPS equations have only trivial solutions, i.e., all the fields in the semichiral multiplets are vanishing.
We adopt the metric on the torus
and τ = τ 1 + iτ 2 is the complex structure, and we expand all the fields in the modes
where n, m ∈ Z. Then we can integrate out the auxiliary fields, and calculate the 1-loop determinant of the free part of the Lagrangian on the torus. The result is
.
(3.24)
After regularization, this expression can be written in terms of theta functions:
The elliptic genus is
where we obtain the Jeffrey-Kirwan residue (see also Appendix D), following the discussions in Refs. [19, 20] .
Eguchi-Hanson space
Eguchi-Hanson space is the simplest example of the ALE spaces, and can be constructed via hyperkähler quotient in terms of semichiral superfields [21] :
where i = 1, 2, and for simplicity we set t = 0. The model (3.27) has N = (4, 4) supersymmetry, and the R-symmetry is SO(4) × SU (2) ∼ = SU (2) 1 ×SU (2) 2 ×SU (2) 3 [20] . Hence, we can assign the R-charges (Q 1 , Q 2 , Q R ), where Q R corresponds to the U (1) R charge that we discussed in the previous section. Similar to Ref. [20] , we choose the supercharges Q − and Q + to be in the representation (2, 2, 1) and (2, 1, 2) respectively under the R-symmetry group. Moreover, the flavor symmetry Q f now becomes SU (2) f . In this case, the fields appearing in the model (3.27), which are relevant for the elliptic genus, have the following charge assignments:
The components of the chiral and the twisted chiral field strength, F and F, have the following charge assignments:
As we discussed before, the constrained semichiral vector multiplet and the unconstrained semichiral vector multiplet differ by a F-term, which does not show up in the result of localization, hence we can make use of the 1-loop determinant from the previous section. Then for the GLSM given by Eq. (3.27), the 1-loop determinant is
Then the elliptic genus is given by
where "JK-Res" denotes the Jeffrey-Kirwan residue, which is discussed in detail in Refs. [19, 20] and also briefly reviewed in Appendix D. In practice, the Jeffrey-Kirwan residue can be calculated as follows:
The poles are at
where Hence, the elliptic genus equals
37) which is the same as the result obtained in Ref. [20] .
From our construction of the ALE space using semichiral GLSM, it is also clear that the elliptic genus for the ALE space coincides with the one for the six-dimensional conifold space. The reason is following. As we discussed before, to obtain an ALE space through a semichiral GLSM we need the semichiral vector multiplet, which has three real components, while to construct a conifold (or resolved conifold when the FI parameter t = 0) one should use the constrained semichiral vector multiplet, which has only one real component. However, these two vector multiplets differ only by a superpotential term, which does not affect the result of the localization. Hence, the result that we obtained using localization give us the elliptic genus both for the ALE space and for the conifold. 3 
Taub-NUT space
Taub-NUT space is an example of the ALF space, and can be constructed by semichiral GLSM as follows [21] :
where for simplicity we set t = 0. Using the results from the previous section, and assigning the same R-symmetry and the flavor symmetry charges as in the Eguchi-Hanson case (3.28) (3.29), we can write down immediately the 1-loop contribution from the semichiral vector multiplet, F and F, as well as the one from the semichiral multiplet, X L 1 and X R 1 , of the model (3.38):
However, to obtain the full 1-loop determinant, we still have to work out the part of the model from semichiral Stückelberg fields, and localize it to obtain its contribution to the 1-loop determinant. Let us start with the Lagrangian for the Stückelberg field in the superspace:
Expanding the Lagrangian into components and integrate out auxiliary fields (see Appendix C), we obtain
As discussed in Appendix C, among the real components r 1,2 and γ 1,2 only r 2 transforms under the gauge transformations. We can assign the following charges to the components of the Stückelberg field:
Taking both the momentum and the winding modes into account, we obtain the contribution from the Stückelberg field to the 1-loop determinant
(3.44) Together with Eq. (3.39) and Eq. (3.40), we obtain the full 1-loop determinant of the elliptic genus for the Taub-NUT space
The elliptic genus for the Taub-NUT space is given by
where E(τ ) = C/(Z + τ Z). This result is the same as the one in Ref. [20] obtained from the chiral GLSM. Similar to the ALE space, the elliptic genus for the ALF space should coincide with the one for some six-dimensional space. In semichiral GLSM language, one is obtained using the unconstrained semichiral vector multiplet, while the other is constructed using the constrained semichiral vector multiplet. However, as far as we know, this kind of sixdimensional space is not well studied in the literature as the conifold. We would like to investigate it in more detail in the future.
Low energy effective twisted superpotential
In this section, we attempt to study the low energy physics of a general GLSM.
is the 2 × 2-matrix appearing in L bos , while ∆ ferm is the corresponding matrix from the fermionic sector, which is irrelevant for the calculation of the 1-loop coupled to the field D. Up to an irrelevant constant due to field rescaling, we obtain log det ∆ bos = log αD
Since the terms linear in D have opposite signs, they cancel out exactly and do not show up in ∆L (1) E . Therefore, the effective twisted superpotential W is zero, and do not have terms like Σ log(Σ).
As discussed before, we can turn on two types of twisted masses m i and m i using the semichiral vector multiplet. However, m i can be viewed as a chiral superfield and cannot enter the twisted superpotential. On the other hand, the effect of m i is merely a shift of σ σ → σ + m i .
Although the shifts m i are generically different for different flavors, the nontrivial contributions to the effective twisted superpotential cancel out within each flavor, as one can see from Eq. (4.3). Hence, similar to the case without twisted masses, after turning on the twisted masses the effective twisted superpotential still remains zero.
We may ask whether there is a better way to understand why the effective twisted superpotential vanishes. Indeed, a more conceptual reasoning goes as follows. We notice that the theory without twisted mass deformations is invariant under a larger supersymmetry, namely it has N = (4, 4) rather than just N = (2, 2) supersymmetry [22] . Since a nontrivial twisted superpotential is not compatible with N = (4, 4) supersymmetry, we cannot generate an effective twisted superpotential term at the low energy. This fact is not completely new. If we construct a GLSM using chiral superfields in such a way that the target space is a hyperkähler manifold, the contributions from chiral superfields will cancel in pairs and the final result is zero. However, in a GLSM with chiral superfields, after we turning on twisted masses, the N = (4, 4) supersymmetry algebra is broken down to its N = (2, 2) subalgebra, and we obtain a nonzero effective twisted superpotential. Hence the real question is why the twisted mass deformations for semichiral superfields do not break N = (4, 4) supersymmetry. To answer this question, we take a slightly different point of view of the twisted masses. Instead of setting component fields to the required constant values by hand, we introduce Lagrange multipliers Σ and Σ, 4
where Σ is a chiral superfield, while Σ is a twisted chiral superfield. Since now we focus on the flavor symmetry group, let us suppress the color indices at the moment, then the Kähler potential part of the Lagrangian is 5) or written in covariant approach as
where now
Next, we need to work out the expression of the Kähler potential part of the Lagrangian in components, and integrating out the Lagrange multipliers Σ and Σ will set the lowest components F and F to some constant values m and m respectively, which are the twisted masses in our model. To be precise, the superfields carry flavor indices as follows:
(4.8) However, the terms
are similar to the FI term, which is gauge invariant only for Abelian groups. Hence, only diagonal parts of the matrices m ii and m ii preserve the gauge symmetry, and we only need to consider
m i = 0 will break the R-symmetry. Nevertheless, since m i is part of the superpotential, it does not enter the effective twisted superpotential in the end. On the other hand, m i plays the same role as Coulomb branch moduli σ, which is essentially the VEV of the scalar in the vector multiplet. Since using the semichiral vector multiplets to gauge semichiral multiplets preserves N = (4, 4) supersymmetry, it is impossible to generate a nonzero twisted superpotential term in this way.
Conclusion and future directions
In this paper, we have studied the dynamics of GLSMs with semichiral superfields on the flat space.
We have computed the elliptic genus using both Hamiltonian formalism and path integral formalism. We have also worked out two important examples, namely the EguchiHanson space and the Taub-NUT space. The results agree with the previous computations using GLSMs without semichiral superfields [20] .
It is natural to ask whether our computation can be generalized to other models. There are many interesting cases which do not have known realization in terms of GLSMs. For example, we may construct Wess-Zumino-Witten models with manifest N = (2, 2) supersymmetry. The elliptic genus can be again computed with a minor modification. It will be described in detail in the subsequent paper [6] .
Futhermore, we have also computed the low energy effective twisted superpotential W eff of the GLSMs on the Coulomb branch. Unfortunately, the contribution from semichiral superfields to W eff vanishes. Therefore, the low energy behavior of the GLSM with semichiral superfields is determined only by the generalized Kähler potential, which is not protected by supersymmetry and is difficult to compute exactly. It will be interesting if one can figure out some other methods to describe some exact properties of the low energy effective theory.
A. Two-dimensional N = (2, 2) superspace
The bosonic coordinates of the superspace are x µ , µ = 0, 1. We take the flat Minkowski metric to be η µν = diag (−1, 1) . The fermionic coordinates of the superspace are θ + , θ − , θ + and θ − , with the complex conjugation relation (θ ± ) * = θ ± . The indices ± stand for the chirality under a Lorentz transformation. To raise or lower the spinor index, we use
Hence, we have ψ
The supercharges and the supercovariant derivative operators are
They satisfy the anti-commutation relations
with all the other anti-commutators vanishing. In particular,
B. Gauged linear sigma model with semichiral superfields in components
If we expand the theory (2.20) in components, we obtain the Lagrangian
The supersymmetry transformation laws for the abelian vector multiplet are
where F 01 = ∂ 0 A 1 − ∂ 1 A 0 , and
3)
The supersymmetry transformations for the components of semichiral multiplets X are δX = ǫψ + ǫχ , 4) and similarly for X δX = ǫχ + ǫψ ,
The transformation laws are written in the general form, and one should set some fields to be zero after imposing the constraints.
Varying the fields
Orthogonal to these fields, we can define
We can regard them as the physical fermionic fields. Let us call them ψ ′ ± and ψ ′ ± . Integrating out these auxiliary fields will give us the on-shell Lagrangian consisting of three parts, the kinetic terms for the bosons and fermions, and their interaction,
(B.24)
C. Semichiral Stückelberg field
Expanding the Lagrangian of the semichiral Stückelberg field (3.41) in components, we obtain
where r L,R stand for the real part of X We can define
Integrating out the auxiliary fields, we obtain
where 6) while r 1,2 and γ 1,2 denote the real parts and the imaginary parts of X 1,2 respectively. Among these real components only one of them, r 2 , transforms under the gauge transformations
D. Jeffrey-Kirwan Residue
In the computation of section 3, we need the Jeffrey-Kirwan residue. Here we give a brief discussion following [19, 20] and the references therein.
Suppose n hyperplanes intersect at u * = 0 ∈ C r , which are given by
where i = 1, · · · , n and Q i ∈ (R r ) * . In the GLSM, Q i correspond to the charges, and they define the hyperplanes as well as their orientations. Then for a vector η ∈ (R r ) * , the Jeffrey-Kirwan residue is defined as JK-Res u=0 (Q * , η) dQ j 1 (u) To obtain the elliptic genus, we still have to evaluate the contour integral over u. Since in the paper we often encounter the function ϑ 1 (τ, u), its residue is very useful in practice: for a, b ∈ Z and the fact that ϑ 1 (τ, u) has only simple zeros at u = Z + τ Z but no poles.
